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Abstract 

In this article, several 2+1 dimensional lattice hierarchies proposed by Blaszak and Szum 
[J. Math. Phys. 42, 225(2001)] are further investigated. We first describe their discrete zero 
curvature representations. Then, by means of solving the corresponding discrete spectral equa- 
tion, we demonstrate the existence of infinitely many conservation laws for them and obtain the 
corresponding conserved densities and associated fluxes formulaically. Thus, their integrability 
is further confirmed. 

1 Introduction 

In recent years there has been wide interest in the study of nonlinear integrable lattice systems. It is 
well known that discrete lattice systems not only possess rich mathematical structures, but also have 
many applications in science, such as mathematical physics, numerical analysis, statistical physics, 
quantum physics, etc. Much research has been obtained on 1 -|- 1 dimensional lattice systems. The 
most famous and well studied 1-1-1 dimensional integrable lattice systems are the Toda lattice and 
the Volterra lattice. It has been shown that they possess all integrable properties, such as the Lax 
pairs, the Hamiltonian structures, infinitely many conservation laws, the Backlund transformation, 
and soliton solutions [1-8]. The 2-1-1 dimensional integrable lattice systems have also been studied 
such as 2 -|- 1 dimensional Toda lattice 

d'^lnv(n) d'^lnv(n) , ^ , s , . , x 

" = '^^'^ + " ^^^''^ + " ^^-^^ 

Equation (1.1) possesses the Lax representation, the Backlund transformation and soliton solutions. 
It admits the infinitely many conservation laws and the Hamiltonian structure [9, 10]. However, com- 
paring with the 1 -|- 1 dimensional lattice systems, there is less work on 2 -|- 1 dimensional integrable 
lattice systems. Recently, by means of the so-called central extension procedure and operand for- 
malism, Blaszak and Szum constructed some new 2-1-1 dimensional integrable hierarchies which have 
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the Hamiltonian structures. Let's recall some results presented by Blaszak and Szum in Ref. [11]. 
Considering finite field Lax operator L in the form 

I = £"^+« + um+a-ie'^^'^'^ + - + > a > -m. (1.2) 

where operator e is defined by 

£*'u(n) = {E''u{n))e'' = u{n + i)e\ i G Z, 

E acts on u(n) as a unit shift: Eu(n)=u(n+1), n E Z, and setting 

VC, = ^a,(n)£^ i = l,2,..., (1.3) 

i>j 

where the function parameters aj are determined from the following equation succesively via the 
recurrent procedure: 

[^Ci,L-dy]=0, (1.4) 
then, the following 2+1 dimensional lattice hierarchy is proposed, 

Lt, = [P>oVCi,L-dy], (1.5) 

where 

P>o\7Ci = J2aj{n)e^. (1.6) 

i>o 

By the different choice of operator L, Blaszak and Szum proposed 2+1 dimensional generalizations of 
some known lattice systems as well as some new lattice-field systems. It is well known that discrete zero 
curvature representation and infinitely many conservation laws are very important indicator of inte- 
grability of a lattice hierarchy. In this paper, we would like to investigate further the 2+1 dimensional 
lattice systems proposed by Blaszak and Szum. We first describe their discrete zero curvature repre- 
sentations. Then, by means of solving the corresponding discrete spectral equation, we demonstrate 
the existence of infinitely many conservation laws for them and derive the corresponding conserved 
densities and the associated fluxes formulaically. So, the integrability for these 2+1 dimensional lattice 
systems is further confirmed. 

2 Discrete zero curvature representation for several 2+1 dimen- 
sional lattice hierarchies 

Considering the following spectral problem 

Eip{n,t,y,X) = U{n,t,y,X)ilj{n,t,y,X), 

=V{n,t,y,X)'ilj{n,t,y,X). (2.1) 
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It is obvious that the condition of integrabihty of equation (2.1) leads to the following discrete zero 
curvature representation: 

^ = iEV)U - UV. (2.2) 

The lattice-field system derived from equation (2.2) is the Lax integrable. The matrix U and V are 
the Lax pairs of the system. In general, it is difficult to derive a 2+1 dimensional Lax integrable 
lattice-field system from equation (2.2), because we do not have a general method to construct proper 
matrix U and V. For 2+1 dimensional lattice-field system (1.5), we note that it admits the following 
Lax form 

Lt, = [Ai,L], (2.3) 

where 

L = L-dy, Ai = P>o\/ Ci- 

Therefore, we can obtain its discrete zero curvature representation. In the following, we illustrate in 
detail the discrete zero curvature representations for some 2+1 dimensional lattice hierarchies. 
(1) 2+1 dimensional Benjamin-Ono (B-0) lattice-field equation. 
The Lax operator L has the form 

L = e + u-dy. (2.4) 

Constructing A2, A3 et al as the follows: 

^2 = + [uin + 1) + u{n)]e + u^(n) + Hu{n)y, 

A3 = + [uin + 2) + u{n + 1) + n(n)]e^ + [u^{n + 1) + u{n + l)u{n) + u^{n) (2.5) 

+\{E - l)iu{n)y + 3HMn)y)]e + \uin)yy 

3 3 3 

+u{n)^ + -Hu(n)u{n)y + -u{n)Hu{n)y + -H'^u{n)yy, 



Then, the 2+1 dimensional B-0 lattice hierarchy is presented by 

u{n)t2 = 2u{n)u{n)y + Hu{n)yy, (2.6) 

1 3 3 3 

u{n)t3 = ■^u{n)yyy + 3u{nfu{n)y + -H{u{n)u{n)y)y + -{u{n)Hu{n)y)y + -H^u{n)yyy (2.7) 
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where operator H = {E + 1){E - and {E - 1)-^ = - Y:f=oE^. The Lax pairs U and V for 

equations (2.6) and (2.7) are described by, respectively, 

U = \-u{n) + dy, (2.8) 
V2 = {\ + dyf -u{n)y + Hu(n)y, (2.9) 

= (A + dy){\ + dy- u{n + 1))(A + dy- u{n)) 
+ [u{n + 1) + n(n)](A + dy - u{n + 1))(A + dy - u{n)) 

+ [u'^{n + 1) + n(n + l)u(n) + n2(n) + ^{E- l){u{n)y + 3F2n(n)y)](A + 5^ - n(n)) 

1 3 3 3 

+^^(^)j/2/ + H-nf + ^Hu{n)u{n)y + -u{n)Hu{n)y + -H^u{n)yy. (2.10) 

(2) 2+1 dimensional Toda lattice-field equation. 
The Lax operator L is 

L = e+p{n)+v{n)£-^ -dy. (2.11) 
Constructing Ai, A2 et al as the follows: 
Ai = £ + p{n), 

= + [p(n) +p(n + l)]£ + p2(n) +?;(n) +?;(n+ 1) +i?p(n)j/ (2.12) 



Then, the 2+1 dimensional Toda lattice hierarchy is written by 

(^('^) ) I v{n)\p{n) — p(n — 1)] \ 
Jt^ \ v{n + I) - v{n) + p{n)y J' 



(2.13) 



v{n)t2 = v{n)\p^{n) -p^{n - 1) +v{n+ 1) - ^^(n - 1) +p{n)y + p{n - l)y], 

p{n)t2 = v{n + l)[p(n + 1) +p{n)] — v(n)\p{n - 1) + p{n)] + v(n)y 

+v{n + 1)2; + Hp{n)yy + 2p{n)p{n)y (2.14) 



Matrix Lax pairs f/ and F for equations (2.13) and (2.14) read as follows, respectively, 

^ ( -t;(n) X-p{n)+dy,^ ^^'^^^ 



v{n - 1) + p^{n - 1) + Hp{n - l)y X + dy+ p{n - 1) 

-v{n){\ + dy +p{n)) - v{n)y (A + dy)'^ -p{n)y + v{n) + Hp{n)y 



(3) The Lax operator L is of the form 

L = £^ + u{n)£ + v{n)-dy. (2.18) 

Constructing Ai as the follows: 

Ai = £ + {E + l)-^u{n). (2.19) 
The first equation corresponding to the lattice hierarchy is 

(uin) \ ( v{n + 1) — v{n) — u{n)H^^u{n) \ 
v{n) j^^^y {E + irMn)y ) 

Matrix Lax pairs U and V for equation (2.20) are presented by 



(2.20) 



^ \X-v{n-l)+dy -u{n-l)) ^^'^^^ 

^ \ \-v{n-l)+dy -{E + l)-^u{n-l) J ^ ' 

(4) 2+1 dimensional Blaszak-Szum (B-S) three-field lattice equation. 
The Lax operator L takes the form 

L = e^ + p{n)e + v{n) + u{n)e~^ - dy. (2.23) 

Constructing A\, A2, A4 et al as the follows: 

Ai = e + {E + l)~^p{n), 
Ai = £^ -\- p{n)£ + ■u(n) , 

A4 = e^ + (p{n) + p{n + 2))e^ + {p{n)p{n + 1) + v{n) + v{n + 2))£'^ 

+ \p{n){v{n) + v{n + 1)) + u{n) + u{n + 2) + (E^ - l)-^{p{n) + p{n + 2))y]e 

W(n) +p(n - l)tt(n) +p{n)u{n + 1) + {E'^ - l)"^[p(n + 1)(£^^ - l)"^(p(n) +p{n + 2))y 

-pin){E^ - l)-\pin + 1) +p(n + 3))y + {p{n)p{n + 1) + v{n) + v{n + 2%]. (2.24) 
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Then, the first equations from the lattice hierarchy are 




/ u{n)H ^p{n — 1) 

u{n + 1) - u{n) + {E+ l)-^p{n)y 
\ v{n + 1) — v{n) — p{n)H~^p{n) 

^ u{n)[v{n) — v{n — 1)] ^ 

p{n)u{n + 1) — p{n — l)u{n) + v{n)y 
\ u{n + 2) — ■u(n) + p{n)y ) 



(2.25) 



(2.26) 



p{n)u = {E^ - l)u{n){v{n) + v{n - 1)) -p{n){E + l)-i[p(" + - + 2))i 

-p{n){E'^ - l)~^{p{n + 1) +p{n + 3))y + {p{n)p{n + 1) + v{n) + v{n + 2))y] 



+{v{n + 1) - v{n)){E^ - l)-\p{n) + p{n + 2))y 

+\p{n){v{n)+v{n + l)) +u{n) + u{n + 2) + {E'^ - l)~^(p(n) +p{n + 2))y]y 
u{n)t4 = u(n)(l — E~^)[v'^{n) +p{n — l)u{n) +p{n)u{n + 1) 
+{E^ - l)-\p{n + 1){E^ - l)-\p{n) + p{n + 2))^ 

-p{n){E'^ - l)"^(p(n + 1) + p{n + 3))^ + {p{n)p{n + 1) + v{n) + v{n + 2))y)\ 
v{n)t4 = (1 - E~^)u{n + l)\p{n){v{n) +v{n + 1)) + n(n) + u{n + 2) 
+{E^ - l)"^(p(n) + 2))j,] + dy[v^{n) + p{n - l)u{n) + p{n)u{n + 1) 

+{E^ - l)-^[p{n + 1){E^ - l)-\p{n) + p{n + 2))y 

-p{n){E^ - l)"^(p(n + 1) +p{n + 3))y + {p{n)p{n + 1) + v{n) + v{n + 2))y]]. 
Matrix Lax pairs U and V for equations (2.25)-(2.27) read as follows, respectively, 



U 



( ° 

A — v{n — l) + dy 

\ 1 



1 

-p{n — 1) —u{n — 1) 




(2.27) 



(2.28) 



/ {E + l)-^p{n - 1) 1 \ 

X-v{n-l) + dy -{E + l)-'^p{n - 1) -u{n - 1) 
\ 1 {E + l)-^p{n - 2) J 



(2.29) 



y 



v. 



-uin-l) 
u{n) X + dy 
V p{n - 2) 1 v{n - 2) 



(2.30) 



V4 = (%)3x3 



(2.31) 
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where 



Vn = E~^V22 +Pn-2{Un-l + 2(£^^ - 1)"V-1,2/), 

Vi2 = Un-1 + 2{E^ - l)~^Pn-l,y, 

Vl3 = -Un-l{X + dy- Vn-l) - Un-l,y, 

V21 = -Un{Vn + Vn-l) + 2{{E^ - l)~'^Pn,y){\ + Oy - Vn-l) " Un,y, 

V22 = (A + dy)"^ - Vn,y - 2pn-l{E^ - 1)" ^,2/ + i^"^ " 1)"^ [Pn+1 " l)~Hpn + Pn+2)y 
-Pn{E'^ - +Pn+z)y + {PnPn+1 + Vn + Vn+2)y\, 

V23 = -Un-l{Un + 2{E'^ - l)^'^Pn,y), 

V31 = Un-2 + 2{E^ - l)~^p„_2,j, + Pn-2,y + Pn-2(A + dy - Vn-2), 
V32 = X + dy - Vn-2, 

V33 = Pn-3Un-2 + 2Vn-2iX + dy) - vl^^ + {E^ - l)~^[pn-l{E^ - 1)"^ (Pn + Pn-2)j/ 
-Pn-2{E^ - l)~^{Pn+l+Pn-l)y + {Pn-2Pn-l + Vn-2 + Vn)y], 



(5) 2+1 dimensional B-S four-field lattice equation. 
The Lax operator L reads 

L = e^ + p{n)e^ + v{n)e + u{n) + q{n)£~^ - dy. (2.32) 

Constructing Ai, A2, As et al as the follows: 

Ai = e + {E^ + E + l)-'^p{n), 

A2 = e'^ + {E^ + E + 1)-\E + l)p{n)e + 

{E^ + E + l)-i[i;(n + 1) + v{n) - p{n){E^ + E + l)-^p{n + 1)], (2.33) 
As = +p(n)£^ + v(n)e + u{n) 

where operator (E"^ + E + 1)~^ is defined by 

A;=0 

Then, the first equations from the lattice hierarchy are written by the following equations: 

/ u{n) \ I q{n+l) - q{n) + {E"^ + E + l)-^p{n)y \ 

v{n) _ u{n+l)-u{n) + v{n){l-E){E'^ + E+l)-^p{n) 
p{n) ~ v{n + l)-v{n)-p{n){l-E^){E^ + E + l)-'^p{n) ' ^' ' 

^ q{n) J ^ V qin){E-l){E^ +E + l)-^p{n-l) j 
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^ u{n) ^ 

v{n) 
p{n) 

V ) 



t2 



( Ai \ 

A2 
A3 

V A4y 



(2.35) 



where 



Ai = (^ - l)[q{n){E'^ +E+ l)-\p{n) + p{n - 1))] 

+dy[{E^ + E + l)-^{v{n) + v{n + 1) - p{n){E'^ + E + l)-^p{n + 1))] 

A2 = q{n + 2) - q{n) + (n(n + 1) - u{n)){E'^ + E+ iy^{E + l)p(n) 

-'(;(n)(£; - 1)(£;2 + + l)"^[t;(n + 1) + t;(n) - p{n){E'^ + E + l)-^p{n + I)] 

+{E'^ + E + 1)-^ (p(n) + p{n + l))y 

A3 = u{n + 2) - u(n) - z;(n + 1){E'^ + E + iy^p{n + 2) + 
7;(n)(£;2 + £; + l)-^p{n) - p{n){E^ + E^ l)-\vn+2 - Vn+i) 
+Pn{E^ -1){E'^ + E + l)-^\p{n){E'^ + E + ly^pin + 1)] 

A4 = q{n){E -1){E'^ +E + l)~^[v{n) + v{n - 1) - pin - l)iE'^ + E + l)~V(n)] 



^ u{n) ^ 
v{n) 
p{n) 

V / 



tz 



^ v{n)q{n + 1) — v{n — l)q{n) + u{n)y ^ 
p{n)q(n + 2) — p{n - l)q{n) + v(n)y 
q{n + 3) - q{n) + p{n)y 
q{n){u{n) - Un-i) 



Matrix Lax pairs U and V for equations (2.34)-(2.36) are, respectively, 



U = 



( 


A — u(ji — 2) + dy 
1 



1 

1 

-v{n — 2) —p{n — 2) —q{n — 2) 




(2.36) 



(2.37) 



( (^2 + ^ + l)-lp^_2 1 

{E'^ + E+l)-^pn-i 1 

\ + dy-Un-2 -Vn-2 {E^ + E + l)-^Pn - Pn-2 






-qn-2 



\ 



1 











(2.38) 



(i;2 + £; + i)-Vn-3 / 



V2 = (%)4x4, 



(2.39) 
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where 



Vll = {E'^ +E+l)-\vn-2 + Vn-l-Pn-2{E^ + E+l)-^Pn-l], 
Vi2 = {E"^ + E +lY^{pn-l+Pn-2), ^13 = 1, ^14 = 0, 

V2l=\ + dy- Un-2, V22 = -{E^ + E + l)-^[Vn-2 + Pn-l{E^ +E+ l)-^Pn], 

V23 = -{E'^ + E+ l)-^Pn-2, V2i = -qn-2, 

V3i = [{E^ +E + l)-Vn-l]K-2 -X-dy)- Qn-l, 

V32 = X + dy- Un-1 + Vn-2{E'^ +E + l)~^p„^i 

V33=Pn-2{E^ + E + 1)-Vn-1 - {E^ + E + l)-^[Vn-l + PniE"^ + E + l)-^Pn+l], 
V34 = qn-2iE^ + E+ 1)-Vn-1 

V4,l = {E^ + E +l)~'^{pn-2+Pn-3), ^42 = 1, ^43 = 0, 

Vu = iE^ + E+ l)-^[Vn-3 + Vn-2 - Pn-z{E'^ + E+ l)"Vn-2], 



V3 = 



f X + dy -q{n - 2) \ 

-q{n-l) X + dy 

-q{n) X + dy 

v{n — 3) p{n — 3) 1 u{n — 3) j 



(2.40) 



3 Infinitely many conservation laws for several 2+1 dimensional lat- 
tice hierarchies 

In this section, we show that the 2+1 dimensional lattice hierarchies described in section 1 possess 
infinitely many conservation laws and the corresponding conserved densities and the associated fluxes 
are derived formulaically. Here the important procedure is solving the corresponding discrete spectral 
equation 

Ltpn = Xipn- (3.1) 

(1). Infinitely many conservation laws for 2+1 dimensional Benjamin-Ono lattice-field equation 
The 2+1 dimensional Benjamin-Ono lattice-field equations correspond to the discrete spectral problem 



Let r„ = -^^^j the spectral problem leads to 

dr. 



X — Un + dylnipn (3.2) 



rnLn-hl - r„ + {Un+1 - n„)r„ = (3.3) 
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Suppose the eigenfunctions ^„ is an analytical function of the arguments and expand r„ with respect 
to A by the Taylor series 

oo 

r, = ^A-^-^i^-), (3.4) 

and substitute equation (3.4) into equation (3.3), we obtain 

= exp{ I {un+i - Un)dy), 
Jo 

py ry 
= w^n^i'^ + {E- l)exp{ / (n„+i - Un)dy)dyl 
Jo Jo 



r exp{[\un-un+i)dy) J2 w^\wi:l,-wi:^)dy],i>3. 

Jo Jo ,f:l. 



l+s=i 

On the other hand, it is obvious that 

- lnr„ = (£;-!)- In (3.5) 
For equations (2.6) and (2.7), ^Inipn is described by the following equations, respectively, 

— In Vn = "n + Hun,y + 2n„r„ + Tl + -^ (3.6) 

and 

^InV'n = \u{n)yy + u{nf + ^Hu{n)u{n)y + ^u{n)Hu{n)y + ^H^u{n)yy 

+rl + SulTn + SUnTl + ^{HUn,y - «n,y)r„ + ^(r„r„+i + + 2u„r„ + Un+lFn) (3.7) 

It follows from equation (3.5) that 

—InVn + -Q^i^- E)rn = {E- l){ul + Hun,y + 2n„r„ + Tl) (3.8) 



and 



Note that 



d d 1 

-InTn + ^(1 - ^)[rnr„+i + -Tl + {2un + n„+i)r„] 

1 o 3 

= (E - l)[2u{n)yy + u{n) +-Hu{n)u{n)y 

+^u{n)Hu{n)y + ^HMn)yy + + Su^F^ + {3ul + ^Hun,y - ^Un,y)rn] (3.9) 



l,„r.4in»a.4,f(zl)i^*>, (3.10) 

fc=l 
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where 

,„{j+2) 

$ = ^A-^.„ .,=4^+2) = ^, (3.11) 
j=0 wii 

Making a comparison of the powers of A on both sides of equations (3.8) and (3.9), infinitely many 
conservation laws of the 2+1 dimension B-0 lattice-field equations (2.6) and (2.7) are obtained, 

) + = (E- 1) jO), j = 0, 1, 2, (3.12) 

For equation (2.6), the conserved densities and the associated fluxes are 

= /%n+l - Un)dy, = 0, =ul + HUn,y, 

Jo 

P^n^ = 4'^ , P^n^ = (1 - E)w^n^ , = 2UnW^^^ (3.13) 



and 



- + E Sl,Sl,...Sl^_, + {-ly4-^^ + tl^si, (3.14) 

h+l2 + ...+lj-2=2 

= (1 - E)w'i\ J(^') = 2unw'^^ + ^nw'^\ 3 = 2, 3, (3.15) 

l+s=j 

For equation (2.7), we have 

p'^^ = r {Un+l - Un)dy, /3i°)=0, 
Jo 

1 3 3 3 

Jn^ = + '"(^)^ + 2^'(J'{n)u{n)y + -u(n)iJu(n)y + -H'^u{n)yy, 



(1) = ,7,(2) 



n ' 



= (l-£;)[(2n„ + u„+i)t/;«]. 



J(i) = {3ul + - lun,y)w^,l\ (3.16) 

and pn^ (j=2,3,...) is presented by equation (3.14) and /3n^ and Jn'' are 

l+s=j 

3 3 

+SUn Y ^H^^'t^^ + Y ^'^^'^^'"^ j = 2,3,.... (3.17) 

l+s=j l+s+m=j 
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(2). Infinitely many conservation laws for 2+1 dimensional Toda lattice-field equation 

The 2+1 dimensional Toda lattice-field equation corresponds to the discrete spectral problem 

tpn+l , Vn1pn-1 .9 

— = A-pn ; l-^^wV'n, (3.18) 

Wn Vn oy 

i.e., 

rn-ir„(r„+i -r„ + p„+i + i;„+ir„_i -vnTn = r„_i-^, (3.19) 

where r„ = ^^^"^ ■ Suppose the eigenfunctions ^„ is an analytical function of the arguments and expand 
r„ with respect to A by the Taylor series (3.4) and substitute it into equation (3.19), we have 



^ = Vn+l\pn+l - {E - 1) ^ dy lnu„+2], 
Vn+lVn+2 



where 



l+s=i l+s+m=i l+s=i 

For 2+1 dimensional Toda lattice-field equations (2.13) and (2.14), ^lnipn is written in the form, 
respectively, 

d 



and 



^^lnV'n=Pn + rn (3.20) 



^ In V^n = -fn + Pn + Hpn,y + Vn,y + 2p„r„ + + T. 



n-1 



n 



= Vn + Vn+1 +Vn + Hpn,y + (Pn + Pn+l)r„ + (3.21) 
By means of equation (3.5), we obtain the following discrete conservation equations: 

^/nr„ = (E-l)(p„ + r„) (3.22) 



and 



d 

— /nr„ = {E - l)[Vn + Vn+l +Pn + Hpn,y + {Pn + Pn+l)'i^n + r„r„+i] (3.23) 



In comparison with the powers of A on both sides of equation (3.22) and (3.23), infinitely many 
conservation laws of the 2+1 dimension Toda lattice-field equations (2.13) and (2.14) are derived, 

^piJ) = {E-l)4^\ j = 0,1,2, (3.24) 
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Here, the conserved densities possess the form 

Pn^ = lnv„+i, p^^) = Pn+1 - {E - l)~^dylnVn+2, 

and pn\j > 2 is written by equation (3.14). The associated fluxes for equations (2.13) and (2.14) are 
described by the following, respectively, 

Jn^ = + Vn+1 +Pn + Hpn,y, J!^^ = {Pn + Pn+l)Vn+l, 

J^^ = {Pn+Pn+l)w'i^ + E ^i'^^^Sl' j > 2 (3-25) 

l+s=j 

(3). Infinitely many conservation laws for 2+1 dimensional lattice-field equation (2.20) 
Discrete spectral equation corresponding to the 2+1 dimensional lattice-field equation (2.20) is 

V'n+l (A - Vn-1 + dy)'^n-l oftA 

— = ; Un-1 (3.2Dj 

Vn Wn 

i.e., 

dV 1 

rn-l(r„r„+i - r„_ir„ + Vn- Vn-l + UnVn - Un-lTn~l) = (3.27) 

where r„ = . Suppose the eigenfunctions ijjn is an analytical function of the arguments and expand 
r„ with respect to A by the Taylor series (3.4) and substitute it into equation (3.27), we obtain 



ry 

= exp{ {vn+i-Vn)dy), 
Jo 

Jo 

ry ry 

= + / (^xpi / (^n " Vn+i)dy)B{n)dy], i > 3, 

Jo Jo 



where 



l+s=i l+s=i l+s+m=i 

Note that 



^lnV'n = r„ + (E + l)-iu„. (3.28) 



Prom equation (3.5), we get the following discrete conservation equation: 



^^InVn = (E - l){rn + (E + (3.29) 
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Making a comparison of the powers of A on both sides of equation (3.29), infinitely many conservation 
laws of the 2+1 dimension lattice-field equations (2.20) are proposed, 

^p(f) = (£;-l)j(^), j = 0,l,2, (3.30) 

where 

Jo 

= 42), J« = expi f\vn+i - vn)dy), J(^) = w^J\j > 2. (3.31) 

Jo 

and pn \j > 2 is given by equation (3.14). 

(4). Infinitely many conservation laws for 2+1 dimensional B-S three lattice-field equations 

The 2+1 dimensional B-S three lattice-field equations (2.25) and (2.26) correspond to the discrete 

spectral problem 

V'n-hl +Pn-l1pn + Vn-l1pn-l + = (A + dy)lljn-l, (3.32) 

which leads to the following discrete Riccati-type equation, 

rn-irnr„+i(r„_|_2 — r„ +pn+i) 

+r„_ir„(i;„+i -Vn- Pn^n) + Un+l^n-1 - Un^n = (3.33) 

oy 

where r„ = Suppose the eigenfunctions Vn is an analytical function of the arguments and 

expand r„ with respect to A by the Taylor series (3.4) and substitute it into equation (3.33), we have 

= Un+l, 



(2) 



■"n+lK+1 - {E -1) ^dylnUn+2], 



Wn 



Un+lUn+2 



where 



C{n)= w^Jl)w^:l,^^ + {vn+i-Vn+2) E w^^)w^:l^ 

l+s=i l+s=i 
, sr^ (I) (s) (m) (I) (s) (m) 

l+s+m=i l+s+Tn=i 
l+s+m+r=i 
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Note that ^ In-^^ for equations (2.25) and (2.26) are written by the fohowing equations, respectively, 



— InV-n = r„ + (£; + 1)-Vn, (3.34) 

d 

— lntpn = r„r„+i + PnTn + i;„ - A, (3.35) 
we thus obtain two discrete conservation equations, 

^^InVn = {E-1) (r„ + {E + 1)- V) (3.36) 

d 

— /nr„ = {E - i)(r„r„+i + p„r„ + vn). (3.37) 

Making a comparison of the powers of A on both sides of equations (3.36) and (3.37), infinitely many 
conservation laws of the 2+1 dimension B-S three lattice-field equations (2.25) and (2.26) are proposed, 

^^p(p = {E-l)4^\ j = 0,1,2, (3.38) 

where the conserved densities have the form 

= InUn+l, p'^n^ = Vn+1 - {E - l)~'^dylnUn+2, 



and pi ,j > 2 is described by equation (3.14). The associated fluxes for equation (2.25) and (2.26) 
are given, respectively, 

4°) = (E + 1)-Vn, 4'^=tx„+i, J'^^^=w^i\ j>2 (3.39) 

and 

4°) = Vn, 4'^ = PnUn+1, 4'^ = PuW^i^ + ^n^nU 3 > 2 (3-40) 

l+s=j 

(5). Infinitely many conservation laws for 2+1 dimensional B-S four lattice-field equations 

Discrete spectral problem corresponding to the 2+1 dimensional B-S four lattice-field equations (2.34)- 

(2.36) reads 

Tpn+l + Pn-2lpn + Vn-2lpn-l + Un-2lpn-2 + qn-2lpn-^ = (A + dy)lpn-2, (3.41) 

which leads to the discrete Riccati-type equation, 

rn-irnrn+ir„+2(rn+3 — Tn +Pn+l) + ^ n-l^ ri^ n+l{Vn+l — PnTn) 

+r„_ir„(u„+i -Un- VnTn) + ^n+irn-l - qnVn = (3.42) 
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where r„ = Suppose the eigenfunctions ^„ is an analytical function of the arguments and 

expand r„ with respect to A by the Taylor series (3.4) and substitute it into equation (3.42), we have 



W^n^ = qn+l[Un+l - {E - dyln qn+2], 

^;W = -9n+i(E-l)-^[ ^^"^ ], i>3 (3.43) 

<ln+lQn+2 

where 

l-\-s=i l-\-s=i l-\-s-\-m=i 

Note that ^ln'0„ for equations (2.34)-(2.36) are written by the following equations, respectively, 

^ln^n = rn + {E^ + E + l)-'pn, (3.44) 

d 

— In V'n = TnTn+l + r„(S2 ^ ^ ^ l)-\pn+l + Pn) 

+ (£;2 + E+ l)-^[Vn+l +Vn- Pn{E^ +E + ly^Pn+l], (3.45) 

d 

— In V'n = + Vn^n + Pn^n^n+l + rnrn+ir„+2, (3.46) 

It follows from equation (3.5) that 

^InTn = {E- l)[r„ + (E^ + E + 1)-Vn] (3.47) 

—inVn = {E- i)[r„r„+i + r„(E2 + e + i)-i(p„+i +p„) 

+(£;2 j^E + l)-\vn+i + Vn- Pn{E'' + E+ 1)" V+i)], (3.48) 

d 

— /nr„ = {E - l){Un + VnTn + Pn^n^n+1 + r„r„+ir„+2)- (3.49) 

In comparison with the powers of A on both sides of equations (3.47)-(3.49), we obtain infinitely many 
conservation laws of the 2+1 dimension B-S four lattice-field equations (2.34)-(2.36), 

^p(^) = iE- 1)4^1 J = 0,1, 2, (3.50) 
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where 

Pn ^ = lnqn+1, p^n^ = M„+i - {E - l)~^dy lnqn+2, (3.51) 

and pn\j > 2 is presented by equation (3.14). The corresponding fluxes for equations (2.34)- (2.36) 
are, respectively, 

= (£;2 + £;+!)- V, J« = gn+i, 4'^=w^J\ j>2, (3.52) 

4°) = {E^ + E + 1)-1 [Vn+l +Vn- PniE^ + E+ 1)" V+l], 
= qn+l{E^ +E+ iy\pn+l +Pn), 

J(^') = w^J^E-" + E + ir\pn+i +Pn) + E j > 2 (3.53) 

l+s=j 

and 

7(0) _ t(1) - y g 

4'^=Vnwii^+Pnj: ^^^^nU+ E ^i'^^Sl"'!^ > 2 (3.54) 

l+s=j l+s+m=j 



4 Conclusions and discussions 

As is well known, discrete zero curvature representation and infinitely many conservation laws are 
two important integrable properties for a discrete lattice system. Specially, there is less work on 
the infinitely many conservation laws for the 2+1 dimensional lattice hierarchy. In this paper, we 
describe the discrete zero curvature representations for several 2+1 dimensional lattice hierarchies 
proposed by Blaszak and Szum. By means of solving the corresponding discrete spectral equations, 
we also demonstrate the existence of infinitely many conservation laws for these 2+1 dimensional 
lattice hierarchies and derive the corresponding conserved densities and associated fluxes. To our 
knowledge, the explicit constructions of infinitely many conserved quantities associated with 2+1 
dimensional lattice hierarchy are remarkable. It is remarked that equations (2.6) and (2.20) become 
the so-called differential-difference KP equation by a simple variable transformation [12] and 2+1 
dimensional B-S lattice-field equations (2.25)-(2.27) and (2.34)-(2.36) are the generalizations of 1+1 
dimensional Blaszak and Marciniak lattice-field equations [13]. Equation (2.25) is also viewed as a 
two-dimensional generalization of a lattice in Ref. [14]. Some integrable properties on equations (2.6), 
(2.20) and (2.25), such as lump solution, several Lie symmetries, Backlund transformation have been 
derived in [12]. Here we present their infinitely many conservation laws. So, their integrability is 
further confirmed. It is also interesting to note that 1+1 dimensional reductions of equations (2.27), 
(2.34) and (2.35) are new 1+1 dimensional lattice equations. 
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